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SUMMARY

The bootstrap provides effective and accurate methodology for a wide variety of statistical
problems which might not otherwise enjoy practicable solutions. However, there still exist im-
portant problems where standard bootstrap estimators are not consistent, and where alternative
approaches, for example the m-out-of-n bootstrap and asymptotic methods, also face significant
challenges. One of these is the problem of constructing confidence intervals or hypothesis tests
for extrema of parameters, for example for the maximum of p parameters where each has to be
estimated from data. In the present paper we suggest approaches to solving this problem. We
use the bootstrap to construct an accurate estimator of the joint distribution of centred parameter
estimators, and we base the procedure, either a confidence interval or a hypothesis test, on that
distribution estimator. Our methodology is designed so that it errs on the side of conservatism,
modulo the small inaccuracy of the bootstrap step.

Some key words: Bootstrap consistency; Conservative method; Coverage accuracy; Level accuracy; Maxima; Minima;
Subsampling; Tie.

1. INTRODUCTION

Bootstrap methods can face serious difficulties when used to estimate the distributions of ex-
trema of parameter estimators, for example of max (él, ..,0 ) where él, el ép are estimators
of the respective values of parameters 6, . . ., 6,,. The reason is that even the asymptotic distribu-
tion of max 6 i can be nonnormally distributed. A bootstrap meta-theorem argues that, in a range
of settings, bootstrap methods give consistent results for estimating distributions of parameter
estimators if and only if the limiting distribution is normal (see e.g. Mammen, 1992). Conse-
quently, since the joint distribution of 6; — 6y, . . ., ép — 0, generally is asymptotically normal,
that distribution can typically be estimated accurately even though the limiting distribution of
max; < , 6 ; might not be estimable by any method, be it the bootstrap or another approach. This
property underpins the methodology introduced in the present paper.

It might be thought that the m-out-of-n bootstrap (see e.g. Swanepoel, 1986; Hall, 1990;
Bickel & Ren, 1996; Bickel et al., 1997; Politis et al., 1999) could overcome the problems faced
by the standard bootstrap in estimating the distribution of quantities such as max;; < , é ;. However,
that is not always the case. Andrews (2000) notes this difficulty, and it will be explored further in
§ 3. Even in problems where the m-out-of-n bootstrap enjoys attractive asymptotic properties, it
can exhibit very poor finite-sample performance because the noise introduced through estimating
the tuning parameter, m, in the m-out-of-n bootstrap can seriously degrade performance. As
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a result, the m-out-of-n bootstrap can produce confidence intervals and hypothesis tests with
serious anticonservative level inaccuracies.

Although these challenges stand in the way of accurate statistical methodology, the problem
of making inference about extrema of parameters is important because it arises in a variety of
contexts, in fields ranging from frontier analysis (see Berger & Humphrey, 1997; Kim et al., 2007)
to methodology based on empirical eigenvalues (e.g. Ringrose & Benn, 1997; Schott, 2006).
Contributors to the area include Beran (1982), Bretagnolle (1983), Beran & Srivastava (1985),
Diimbgen (1993), Hall et al. (1993), Andrews (1999, 2000), Xie et al. (2009) and Hall & Miller
(2009). Nevertheless, there still do not exist methods that overcome effectively the difficulties
discussed above.

In the present paper we show that, in a variety of problems involving hypothesis tests and confi-
dence intervals for extrema of general linear combinations of parameters, an indirect application
of the bootstrap can overcome the difficulties. Our approach involves implicitly constructing a
bootstrap confidence interval for the joint distribution of 91 —01, ..., 9,, 0, and using sim-
ple monotonicity arguments to construct tests or confidence intervals that are guaranteed to be
conservative except for a small bootstrap error. We suggest using a double bootstrap approach to
ensure good coverage accuracy. The conservatism of our methodology derives from the fact that
our bootstrap methods, for both confidence intervals and hypothesis tests, are based on resampling
from the least favourable null distribution, interpreted in a nonparametric context.

An interesting feature of the problems treated in this paper is that, in the cases that cause most
difficulty, the distributions that we seek to approximate are asymmetric even in the asymptotic
limit. In consequence, even two-sided confidence regions and two-sided hypothesis tests have
level errors of order n~!/2, not n~!. Use of the double bootstrap is necessary to ensure that the
bootstrap error is of order n~! in two-sided, as well as one-sided, cases.

In today’s computing environment, in cases where the 6 ;s are relatively simple functions of
the data, and when only a single sample is involved, it is often feasible to use triple bootstrap
methods and thereby reduce error to order n~3/2. However, it would be impractical to explore the
effectiveness of the triple bootstrap in a simulation study, since this would increase computational
labour several hundred fold. In principle, analytical rather than bootstrap methods, based on
theoretical expressions for high-order terms in asymptotic formulae, might be used to effect
further corrections. However, we feel that the complexity of the formulae involved, and the fact
that they change from one problem to another, make this type of correction unattractive.

Although the intervals and tests tend towards conservatism, they are constructed so that,
in difficult cases where there are ties for unknown parameter values, the procedures are less
conservative, and in some cases asymptotically exact, modulo the bootstrap approximation. We
explore the extent of this conservatism in our numerical work; it varies from being vanishingly
small, when ties are present, to being more significant in other cases.

We suggest a general approach that enables us to construct conservative tests and confidence
intervals for a very wide variety of statistics based on parameter extrema. The quantities that can
be addressed using our methodology include confidence intervals for, and hypothesis tests about,

functions of the parameters 61, .. ., 6, such as the following:
max 6;, min 6;, max 6; =max 6;, min 6; = max 6;,
1<j<p 1<j<p jed jed jed Jed
max( max 0;, C) max( min 6, C) (1)
1<j<p 1<j<p
where J; and J, are arbitrary subsets of 1, ..., p, and C is any known constant. In practice )

and /> would usually be disjoint, but even this condition is not required for the general problem
solved in § 2.
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2. METHODOLOGY
2-1. Problem setup
First we give notation used throughout. Let 71 and 7, be nonempty subsets of {1, ..., p}, and,
for k = 1 and 2, put maxy) = max;cz, 6; and maxy) = max;cy, 0;. Define ming, and min)
analogously. Our general treatment allows either extreme of each population to be considered, so
write m) to denote either ming) or max), and define M) to equal max ) if we took m) to
equal maxy), and to equal ming) otherwise. We wish to test Hy against /;, where

Ho :my=2mep), Hi:mg) <mgo), )

and again the test errs on the conservative side; or we wish to construct a confidence interval with
the property:

pr{me) — mq) € [the) — M) — ca, 00)} 2 1 —a.

In practice, ¢, will not be known and must be estimated. For this step we use the bootstrap
to compute an empirical approximation, ¢, say, to ¢,. The error committed here is quite low,
particularly if the double bootstrap is employed, since our methodology ensures that ¢,, is defined
in terms of the joint distribution of the centred variables 6 ; — 6;; that distribution is relatively
accessible.

Our discussion above, and our development of methodology below, focuses on one-sided
conservative procedures. However, there is no difficulty extending our methodology to two-sided
approaches in the usual way, by taking the intersection of two one-sided procedures.

2-2. Obtaining conservative tests

Recall the definition of m) in § 2-1. Write m ¢ 7, 6; for min;c 7, 6; or max;cz, 6, according
to whether m) denotes the former or latter. Extend that notation to m;¢ 5 x; for a general
quantity x;, and observe the following:

pr(me) — mq) + ¢q = 1he) — i)

:pr{m(z) —m) + ¢q 2 ;. 0, —6;+6;)— o 0 —6;+ 9j)}

>pr{m(z) —motee> m {gg%((ék — 0+ 9]'}

— m {min @60+, ]

— 2 ) — — i a) — = — o, 3
pr{ca > max (6 — 6) — min (G — )| = 1 — o (3)
where the final identity holds provided that we define ¢, by

Pr{ Igrelg}(Qk — ) — kea%(Qk —6p) = — Ca} =1-a.

Hence, if we take ¢, to be an empirical approximation to ¢y, then, no matter what our choice
of min and max in the definitions of m(y and m(y), the confidence interval

[ty — M) — Cy, 00)

covers m() — myj) with probability at least 1 — o, modulo any error in the approximation of ¢,
by ¢,. Analogously, the hypothesis test that rejects Hy : m(1) > m(y), in favour of 4} : m(jy < m(),
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Table 1. Possible hypothesis tests of extremes, along with corresponding confidence intervals
and equations for obtaining c,

Case H, H; Confidence Interval

1 min(l) >C min(l) <C min(l) S (—OO, m'in(l) + Ca]

2 min(l) < C min(l) >C min(l) € [I‘Iﬁn(l) — Cqy» OO)

3 max(y) >C max) < () max() € (—OO, m%lx(l, + Ca]

4 maxy < C maxy > C maxy € [max) — cq, 00)

5 ming > max) ming) < maxg) max) — mingy € [max) — mingy — ¢y, 00)

6 min(l) < max2) min(l) > max) min(l) — maX) € [m'in(l) - m’aX(z) — Cqs OO)

7 max(j) = max) max )y < max) max) — max() € [maxg, — ming) — cq, 00)

8 min“) 2 min(z) min(l) < min(z) min(z) — min(l) € [m’éX(z) — m"m(l) — Cqy,» OO)
Case Equation for ¢,

1 priminges, (6 — 0> —co) =1 —a

2 primaxies, (6 — O) < ca} =1 — @

3 priminges, (6 —0) > —co} =1 -«

4 pr{maxc 7, (91‘ —0)<c ) =1 -«

5 primaxiez, (6 — 04) — minge7 (6 — Op) S} =1 —

6 primaxie s, (0 — 64) — minge 7, (O — Op) <o} = 1 —

7 pr{maxc 7, (Qk — 6;) — minge 7, (qk —60)<c)=1—«

8 pr{maxie .7, (Or — 0p) — Minge 7, (Or — ) <} =1 -«

if mp) — M) — ¢, > 0, has level at most «, except for the error in the bootstrap approximation:
() — M) P p app
pr(M) — ) — & > 0| me) <m))
<pr(fh) — My — & > m) — mq) | me) <m))
= pr{mg) — mq) ¢ [th) — M) — &, 00) [ me) <mey }

<l—-(l-a)=a, (4)

where the inequality in (3) follows from (4).

It is worth mentioning again that our focus on confidence intervals and hypothesis tests based
on the difference m(y) — m(y) does not restrict us to quantities such as max ;¢ 7, 6; —min;c 7 0;.
By taking one or more of the components of 6 to be null we can treat any of the quantities in
(1), and others, in the way discussed above. To make this explicit, Table 1 shows a broad range
of hypotheses that may be treated, along with the corresponding confidence interval form and
the equation defining c,. As noted before, conservative two-sided confidence intervals may be
created by intersection. In the case of ties, and when m(;) and m(,) denote the minimum and
maximum, respectively, the inequality in the formulae at (3) is in fact an equality; that is, the
test is exact. This implies that cases 1, 4 and 5 in Table 1 are potentially exact. In other cases,
where m(7) and m(j) are not max and min, respectively, the tied case is also conservative, and this
conservatism will tend to grow with the number of populations under consideration.

3. APPROXIMATING DISTRIBUTIONS OF EXTREMA OF ESTIMATORS

3-1. Models, and the challenges of distribution approximations

For specificity in this section we treat the case where the quantity of interest is
minjc 7 —max ez, where 7y ={1,....r}, L ={r+1,...,plandr =1,..., p — 1. Inreg-
ular problems the estimators 6, are root-n consistent and asymptotically normally distributed,
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where n denotes sample size. Therefore it is reasonable to suppose that we can write
éj:9j+n_1/2Nj G=1,...,p),

where Ny, ..., N, have a joint limiting normal distribution with zero mean. In this context, in
§3-2 we explore properties of
& = min §; —max 6; = min (6; +n" V> N;) —max (6; + n"V2N;). 5
Jeq 1T RER jejl(] ;) jejz(J ) ®)

In the present paper the challenges of distribution approximation arise even under very generous
assumptions, for example if 6 = (01, ..., 6,) is the mean of a sample of size n from a normal
N(0, ¥) distribution where ¥ is known. We shall show that, even in this case, difficulties with
near ties can make it impossible to estimate consistently the asymptotic distribution of @, at (5),
no matter whether we use the bootstrap or any other method.

To give a simple example, assume that

0, =0, +n12v and 0; =6 for j =3, ..., p, where v is a fixed constant. (6)

Standard information-theoretic arguments show that v is not identifiable, in the sense that it
cannot be estimated consistently from data. Now, (5) and (6) imply that

n'/? & = min(Ny, Ny + v, N3, ..., N;) — max(Ny 41, ..., Np),

where, when 6 is the estimated mean of an n-sample from a normal N(6, ¥) population,
(N1, ..., Np) is distributed as normal N(0, ). The shape of the distribution of n'’2 &, not
just its location and scale, depend in detail on the nonestimable quantity v.

The null hypothesis Hy, at (2), holds if v > 0, and the alternative obtains if v < 0. A conven-
tional approach to constructing an asymptotically exact test of Hy would be to estimate the null
distribution of @ for v > 0, and to reject Hy if the value of @ were less than an estimator of a lower
critical point for the distribution of @. However, since the distribution of @ cannot be estimated
consistently then this approach is not viable.

3-2. Using the bootstrap to estimate the distribution of the centred version of &

Recall the definition of & at (5). In the case of the example suggested in §3-1 the centred

version of @ with which we work is
w—mm(@ —0;)— max(@ —6)).
JeT

Iféj is constructed from a random sample vector X = {X7, ..., X, },and if X* = {XT, ..., X}
denotes a resample drawn from X by sampling randomly, with replacement, then we write éj* for
the version of @ ; computed from A™* rather than X'. The bootstrap form of o is

. A
" = ?el}% (Q 6; i) — max(@ —0)).

A percentile-bootstrap estimator of the distribution function F' of w, defined by F'(x) = pr(w < x),

is F(x) = pr(@* <x | X).

The theoretical critical point ¢, corresponding to the confidence interval of case 5 in Table 1,
is defined by F(—cy) = a. We could define its estimator, ¢,, simply as the single bootstrap
solution, ¢ = ¢, say, of F (—c) = a. However, a greater degree of accuracy is obtained by
using the double bootstrap. The aim is to find a B € [0, 1] such that F (—Cp) targets o more
accurately. Given a resample X, we draw, with replacement, a re-resample denoted by X™** =
{XT*, ..., X;*}, from which we compute the corresponding version of w, denoted by w**. Put
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F*(x) = pr(@™ < x | X*), and let ¢ = & be the solution of F*(—c) =a. Let g = f() be
the solution of pr(w* < — ¢4 | X) = «. In this notation the double-bootstrap estimator of ¢,
is ¢y = Ch(q)- Of course, in practice the probabilities pr(0*™ < x| X*) and pr(®* < — & | X)
usually cannot be computed exactly and are instead calculated by simulating many versions of
X* and X**. Thus to summarize, ¢ is found by first determining a 8 such that the Sth percentile
of w™* is greater than the corresponding w* with probability «, with this probability estimated
by averaging over all single bootstrap resamples, and then adopting the Sth percentile of w*, to
arrive at the refined critical point.

3-3. Accuracy of the bootstrap
In the Appendix we show that the single-bootstrap critical point ¢, satisfies

o = Ca + Op(n™h), (7)

as n — oo. The fact that the error here is n~!, rather than n~!/2 reflects only the fact that we

have not normalized when defining ¢, . Indeed, in asymptotic terms,
n'?cy = u(@)+ 0(n=1?), (8)

where u(«) is defined in terms of a p-variate normal distribution; see (A7).
The Op(n_l) error in (7) is comprised primarily of errors incurred in estimating the variance
matrix, and in fact (7) can be written in more detail as

Coa = Co + n~!/? (2 - E)T w + OP(n_3/2)’ ©)

where 3 denotes the bootstrap estimator of the variance matrix of the p-vector n'/? (é —6),and
is approximated implicitly in the process of calculating ¢, ; and w is a fixed vector of length equal
to the number of components of X. Result (9) is derived in the Appendix. There we also outline a
proof that the coverage error of a confidence interval, or level error of a hypothesis test, if we use
the single-bootstrap critical point &, rather than its double-bootstrap counterpart, is of size n=1/2,
not n~'. We show too that this level of accuracy prevails in both one- and two-sided procedures;
the parity properties that are familiar in more conventional cases do not, in this context, lead to a
reduction to O(n~!) accuracy in two-sided problems.

4. NUMERICAL PROPERTIES
4-1. University rankings

The relative ranking of universities continues to attract interest both within academia and in
the broader community. The methodology suggested in this paper allows comparisons to be made
between groups of universities. For example, suppose we wanted to explore whether Switzerland
or the Netherlands had, in some sense, the strongest university for science. One statistic of interest
could be the average number of articles published in the journals Science or Nature per year. This
is one of the pieces of information used in the popular Shanghai Jiao Tong University rankings;
see www.arwu.org. Figure 1(a) shows the distribution of the number of papers for two of the
leading universities in Switzerland and the top four universities in the Netherlands for the 12 years
from 1997 to 2008. Another leading Swiss university, ETH Zurich, has not been considered here
due to its nonstationarity over this time period; for instance, it had five papers in both 2003 and
2004, while it produced 20 and 37 in 2007 and 2008 respectively. Aside from this omission, a
university was included in the comparison if it had the most number of papers published for that
country in an individual year.
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Fig. 1. Comparison of universities and of male tennis players. (a) Contains boxplots of the number
of articles published per year in Science or Nature for Swiss and Dutch institutions. (b) Shows the
winning percentages for the world top ten male tennis players.

Our statistic 6 ; 1s the mean number of papers published over the 12 years. Utrecht University
in the Netherlands has the highest overall mean, so we use the test described in case 7 of Table 1
with Swiss universities as the first population and Dutch universities comprising the second. The
double bootstrap with B = 999 resamples in each layer resulted in a p-value of 0-14, suggesting
that there is moderate evidence for the Netherlands having the stronger university in the particular
sense defined above.

The most important observation is that this significance test is more appropriate than pairwise
comparisons between universities, since it recognizes that we are not entirely sure which institution
is the best performing for each country. For instance, if we calculated a p-value in a similar
fashion but only compared the University of Zurich and Utrecht University, having the observed
maximum mean for Switzerland and The Netherlands, respectively, we would obtain a value of
0-054. The significance level is misleadingly high because we have ignored the role of other
universities. While our test does not guarantee maximum power, it does give a better indication
of certainty.

We make a few further comments about our results. First, the comparison statistic is obviously
somewhat simplified. We pay no attention to whether or not the author from a given institution
is listed first or otherwise, any relationships between articles and any changes over the 12-year
periods. Many of these issues are common to similar analyses. Secondly, this particular example
is interesting in our context because of uncertainty regarding the strongest university from each
country. If a similar study was to be completed comparing the USA to Japan, say, a pairwise
test without conservatism would be appropriate, since each country has a clear leader, Harvard
University and the University of Tokyo, respectively, for mean number of papers published.

4.2. Tennis player performance

Figure 1(b) shows the winning proportion of the top 10 ranked male tennis players; that is, the
number of matches won divided by the number of matches played. In the figure the players are
ordered according to their official ranking, current at 20 August 2009. The winning proportion
was calculated based on matches of the Association of Tennis Professionals in the 2009 calendar
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Table 2. Estimated p-values for the hypothesis that Simon’s winning rate is as good as the
minimum of the top t players, excluding himself

t 1 2 3 4 5 6 7 8 9 10
p-value 0-000 0-001 0-001 0-019 0-024 0-027 0-059 0-082 N/A 0-214

year up to the same date. Eighty percent confidence intervals for these percentages are included
in the figure as well. The most notable feature is that Simon, ranked 9, has a much lower winning
percentage than the other players. Using the test of case 6 from Table 1, we can find p-values
under the null hypothesis that Simon’s performance is at least as good as that of the worst of
the other top ¢ players. Table 2 shows the p-values, estimated by means of the double bootstrap
with B = 999 resamples in each layer, for various choices of ¢. The case t = 9 is irrelevant since
Simon himself occupies that ranking. The results suggest there is weak evidence, p = 0-21, that
Simon is below everyone else in the top 10, but increasingly strong evidence for smaller values
of ¢. For instance, the corresponding p-value comparing Simon to the most inferior of the top
six players is 0-027. The bootstrap resampling step was conducted independently, and so ignored
any dependence introduced by players having matches against each other.

In this example it is important to test the multiple hypothesis, since it is not at all clear who
has the lowest winning percentage after Simon. Apart from the top three players, the remaining
six have heavily overlapping confidence intervals.

4.3. Wisconsin breast cancer

The final real data example is included to demonstrate the utility of this approach in
cases where conservatism is not an issue, and to introduce other possible statistics, be-
sides the mean, which may be of interest. The Wisconsin dataset was first introduced by
Wolberg & Mangasarian (1990) and is downloadable from the UCI machine learning database,
http://archive.ics.uci.edu/ml/index.html. It is comprised of 699 observations, each with nine vari-
ables addressing tumour characteristics, along with an assignment of malignancy. While the main
emphasis is usually the prediction of malignancy, an important part of any model is ensuring that
relationships among predictors are understood. Therefore we focus here on determining which
two of the nine predictor variables have the highest pairwise Pearson correlation. The correla-
tion statistic is asymptotically normal, suggesting that our bootstrap methodology is appropriate.
Variables two and three have the highest pairwise correlation by a good margin: 0-91 compared to
the next highest, 0-76. We test the hypothesis that the correlation between variables two and three
is larger than for any of the other 35 pairs, using the test from case 7 in Table 1. The resulting
p-value is less than 0-001. Thus we can apply the method easily to problems that might otherwise
be difficult to treat formally.

4-4. Simulation of conservatism

The following example shows the increasing conservatism as the differences among the true
means 6; diverge. Suppose we have p = 10 populations and the parameter of interest is the
mean, which takes values {z, 2¢, ..., pt} in the populations, for some scalar . We are interested
in constructing an upper confidence interval for the maximum of these, as in case 4 in Table 1. We
assume the underlying observations are standard normal and each population has n observations
from which to estimate the mean. In this example we can find ¢, analytically, allowing us to
better focus on the degree of conservatism, rather than on estimation error. We know that the
(1 — a)th quantile, d, say, of the distribution of the maximum of p standard normal random
variables is given by F,{®(dy)} = 1 — a, where Fj,(x) = x? for 0 <x < 1 and ® is the standard
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Table 3. Simulated coverage percentages exploring conservatism in § 4-4
t

n 0 02 0-4 0-6 0-8 1
10 90-1 (0-2) 94.6 (0-2) 965 (0-1) 97.7 (0-1) 981 (0-1) 98-3 (0-1)
20 89:9 (0-2) 95-8 (0-1) 97-6 (0-1) 981 (0-1) 985 (0-1) 98.5 (0-1)
50 90-2 (0-2) 96-8 (0-1) 98-3 (0-1) 98-6 (0-1) 987 (0-1) 98:9 (0-1)
100 90-1 (0-2) 97.5 (0-1) 985 (0-1) 986 (0-1) 98-8 (0-1) 99.0 (0-1)

Table 4. Simulated coverage percentages for the example in § 4-4 with additional initial hypoth-

esis test
t
n 0 0-2 0-4 0-6 0-8 1
10 89.7 (0-2) 94.3 (0-2) 96-1 (0-1) 97.3 (0-1) 97-4 (0-1) 97-4(0-1)
20 89.6 (0-2) 95.5 (0-1) 97.2 (0-1) 97.4 (0-1) 97.4(0-1) 97-1(0-1)
50 89-8(0-2) 96-4 (0-1) 97.4(0-1) 97.3 (0-1) 97-1(0-1) 96-8 (0-1)
100 89.7(0-2) 97-1 (0-1) 97-4(0-1) 96-8 (0-1) 966 (0-1) 96-1 (0-1)

normal cumulative distribution function. Thus, for each simulation we may set ¢, = n=12d,.
Table 3 shows the estimated coverage probabilities over 20 000 simulations for the 1 — o = 90%
confidence interval for various choices of ¢ and n. Standard errors are shown in brackets.

Increasing conservatism is evident as we move across the table from the left, where there is no
conservatism, to the right. Another evident feature is that if anything, conservatism increases with
the number of observations. This is perhaps not unsurprising, since by treating all the observed
é ;s as equal in the hypothesis test we lose any benefit associated with increased sample size.

The issue of conservatism being independent of sample size can be addressed by adding a
preceding step to our analysis. For a given simulation and £ < p, we can perform a test of the
hypothesis that the maximum of the & populations with smallest means is below the maximum
of the other p — k, as in the seventh line of Table 1. If we find the maximum k such that we reject
the null at some suitably low level, say « = 0-02, then we can construct a confidence interval for
the overall maximum using only the remaining p — k populations. The results of this approach
are presented in Table 4.

The table shows that for a fractional loss of conservatism when all observations are in fact
tied, in the first column of the table, we have significantly reduced the conservatism in situations
where the 6 ; are well separated. In fact, as either 7 or n grows, the coverage again approaches the
target value 0-9.

4.5. llustration of the accuracy of the double bootstrap

We give two illustrative examples comparing the coverage accuracy of the double bootstrap
to that for the single bootstrap, where the «th percentile of the bootstrapped means is used, and
the normal approximation, where the estimated mean is assumed to follow its asymptotic ¢-
distribution. In the first the means are sampled from the exponential distribution with mean 1 and
we test the coverage of one-sided 80% confidence intervals. The second has means sampled from a
Pareto distribution with the mean equal to 2, a scale parameter of 1 and shape parameter of 2, tested
at 90% confidence. In each case p = 10 and we tested a range of n. We used B = 599 resamples
for each bootstrap layer, and averaged over 2000 simulations. Results are presented in Table 5. In
the exponential case, the double bootstrap enjoys good coverage accuracy for all n, with results
lying within natural variation levels around 0-80. The single bootstrap underestimates the interval
width, although gives reasonable results for » > 20. The normal approximation overestimates the
interval width, and this effect persists for » of moderate size. In the Pareto case all approaches
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Table 5. Simulated coverage percentages. Targeted coverage was 80% and 90% for the expo-
nential and Pareto distributions, respectively

Exponential distribution Pareto distribution
Single Normal Double Single Normal Double
n Bootstrap Approximation Bootstrap Bootstrap Approximation Bootstrap
10 75-0 (1-0) 85-8 (0-8) 79-7 (0-9) 95-5(0-5) 98-1(0-3) 91-3 (0-6)
15 78-0 (0-9) 84-0 (0-8) 80-7 (0-9) 96-0 (0-4) 96-7 (0-4) 91-6 (0-6)
20 79-2 (0-9) 82-1(0.9) 80-4 (0-9) 96-4 (0-4) 96-9 (0-4) 90-9 (0-6)
25 80-5(0-9) 822 (0.9) 81-2 (0-9) 96-8 (0-4) 96-7 (0-4) 90-9 (0-6)

overestimate the confidence interval width, with the double bootstrap clearly preferred at all n
tested.

The double bootstrap is usually computationally manageable; in the university and tennis
examples the computation time was 38-3 and 14-5 seconds, respectively, on a standard desktop
computer with an Intel Core 2 Duo processor. Thus, if the dataset is sufficiently large and well
behaved then the user may find the accuracy of the single bootstrap or normal approximation
sufficient, but otherwise the double bootstrap is recommended over competing approaches.
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APPENDIX
Technical details for § 3

Under the smooth-function model (Bhattacharya & Ghosh, 1978) an estimator, or a vector of estimators
suchasd = (@,, ..., ép), computed from a sample of size n, is represented as a smooth function of a mean
of n independent random vectors all distributed as V, say. If the distribution of V' has sufficiently many
finite moments and satisfies Cramér’s condition, i.e. limsup,_, o, |E{exp(i tTV)| < 1, for which it is
sufficient that the distribution of 7 be nonsingular; if the function has sufficiently many derivatives; and
if the limiting variance-covariance matrix of 0, % say, is nonsingular; then, forr > 1,

pr{n'? @, —0)) < z;, 1<j<p}=Ps(z)+ z n*? Puz)ps(2)+ O (n~ V) (Al

k=1
uniformly in z = (zy, ..., z,), where ¢ and @5 are, respectively, the density and distribution functions
of the normal N(0, ¥) distribution, Py, ..., P, are polynomials, not depending on »n, with coefficients

depending on derivatives of the smooth functions in the smooth-function model, evaluated at moments
of V. The number of moments required of V" increases with ». See Bhattacharya & Ranga Rao (1976) and
Bhattacharya & Ghosh (1978). Analogously, (A1) has an empirical version

pr{n'? (@7 —0;) < z; for 1< j<p| X}

= P52+ Y 0 P2 ps(2) + 0, (n~ D), (A2)
k=1
where X denotes the dataset from which 6, ..., ép were computed, > is the bootstrap estimator of X
calculated from X, and Py is the version of P, when moments of ¥, appearing in Py, are replaced by their
empirical counterparts. See, for example, chapter 3 of Hall (1992).
Next we discuss the true critical point ¢, and the single bootstrap to estimator, ¢,, defined by

max (6, — 6;) — 'né»—e-ga}zl— A3
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and

pr{ max (6} ;) — min (6} — ) <2, X} —l—a, (A4)

respectively. Put d, = n'/? ¢q, dy = n'/? &, Z;=n'? (é_,— —6;)and Z7 = n'/? (é]* — éj)- In this notation,
(A1)—~(A4) imply that

l -« =pr{max Z; —min Z; gda}

jedg» JjeT
d
= /A(d : {d)z(z) +n12 o {Pi(2) ¢z(z)}} dz+ 0™, (AS)
l -« =pr{§ré'f17)2< Z.’f—}ré‘i% Z;fga?o, X}
d .
— /Ad) ¢5(2) +n" 12 = {Pi(2) %(z)}] dz + 0,(n™"), (A6)

where A(d) is the set of z € R” such thatz;, — z; <d forall j; € J; and all j, € 7>, and we have taken
r = 11in (Al) and (A2). In this notation u(«), at (8), is the solution of the equation

l—a= / Ps(2)dz. (A7)
Alu(e)}

Define e, = e,(X) to be the solution of the equation | A(ed)dm(z) dz=1—oa. If ¥, is a general
nonsingular covariance matrix then

lea(Z1) — ea(2) — () — B) é(D) < Cy 121 — 2%, (A8)

whenever |X; — X|| < C;, where v(M) is the vector of length % p (p + 1) defined as a concatination of
the distinct components of a general symmetric matrix M, é,(X) is the vector of derivatives of e, (%)
with respect to the components of v(X), || - || denotes any given matrix norm and C; and C, are positive
constants depending only on X. In view of (A5), dy = e;_5(2) + O(n™"), where

B = 1—05—1171/2/ di{ﬂ(z)tbz(z)}dz-
A(dy) 42

Since (d/dz){Pi(z) — Pi(2)} px(2) = O,(n~"/?), uniformly in z, and 3 = £ + O,(n~'/?), then (A6)
yields d, = e;_p(3) + 0,(n~"). Hence, by (A8) and the fact that &, 4(3) = é;_p(Z) + O(n~'7?), we
have d, = d, + v(f) -7 é1—p(X) + Op(n’l). This then gives rise to (9), since

Ga=n"P g+ 017 0(S = 2) (D) + 0, (7). (A9)

The coverage error in a confidence interval, or level error in a hypothesis test, that we incur when using
the single-bootstrap approximation, ¢y, to ¢, is the value we obtain when substituting ¢, for ¢, in (A4)
and subtracting 1 — «. That is, the error equals

pr{%a}x Z; —516121 ngnl/zéa} —(1 —a).
2 1

Substituting for &, using (A9), or equivalently (9), we deduce that

pr{max Z; — min Z; <dy +v(E = BT é14(5) + 0,07}~ (1 — ) (A10)
JET Jed

Unsurprisingly, standard arguments (see e.g. Ch. 5 of Hall, 1992) show that the O,(n~') inside the
probability in (A10), if dropped, produces a remainder term of order n~!, and likewise that the term in
v(S — 2)T é1_4(T), being exactly of size n='/2, if ignored gives a remainder of exact size n~!/2. Therefore
the coverage error or level error of the single-bootstrap procedure is genuinely of size n~'/2.
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Analogously to (A9), the critical point ¢, introduced in § 3-3, is
G=n""e 0P oS = £) 6u(T)+ 0, (n 7).

Here we have used the fact that, owing to the smoothness of é,(X) as a function of £, é,(3) = é,(X) +
0,(n~'/?). The double bootstrap correctly captures the main cause of error, arising from the difference
3 — ¥ in (A9), in the single-bootstrap approximation. That is, the double bootstrap correctly captures the
first-order terms that describe departures of size n~!/? from the limiting distribution. A rigorous proof of
this result follows using standard arguments given in Ch. 5 of Hall (1992).
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